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$1. INTRODUCTION 
NOT ALL compact 2-dimensional polyhedra have the simple homotopy type of a subset of a 
3-manifold. In attempting to determine which ones do, one encounters severe difficulties from 
several directions. Some fundamental groups are inadmissible, and at present there is no 
effective characterization of those finitely presented groups which are the fundamental groups 
of subsets of 3-manifolds. Using Neuwirth’s algorithm[7] it is possible, if tedious, to determine 
if a given 2-complex is the spine of a punctured closed orientable 3-manifold, but since this 
algorithm is defined on a class of CW-complexes and not on a class of groups or simple 
homotopy types, a negative answer for a particular complex does not rule out its group or its 
type. To make matters worse, Stallings[g] has shown that there is no algorithm on the class of 
finite group presentations which will decide if the group presented is a 3-manifold group; it is 
conceivable that the algorithmic determination of these homotopy or simple homotopy types 
which contain 3-manifolds might be similarly proscribed. 
This does does not rule out non-algorithmic approaches such as the classification of 
homotopy or simple homotopy types. Dyer and Sieradski[3] have accomplished this for 
2-complexes with r, = Z,, showing in this case that homotopy type and simple homotopy type 
coincide. Wall[9] has done the same when nI = F,, the free group of rank g. In the former case. 
the model for a homotopy type is P,, v ( vS2), where P, is the pseudo-projective plane S’ uD* 
r z” 
and r = rank H2; this is a spine of a lens space L(n, *) punctured r + 1 times. In the latter case 
the model is( vS’) v ( vS2), which is a spine of a punctured 3-cell with handles. 
In this papir we shiw that every compact 2-dimensional polyhedron Y is simple homotopy 
equivalent to another one, Q, which is nicely covered by a spine of an orientable 3-manifold. 
Furthermore, the formal deformation (sequence of expansions and collapses) from Y to Q is 
3-dimensional, a fact worth noting because of its application to group presentations (see 96). 
THEOREM 1. lf Y is a compact, connected 2-dimensional polyhedron, then Y is simple 
homotopy equivalent, by a 3-dimensional formal deformation, to a 2-dimensional polyhedron Q 
such that either 
(i) Q embeds in an orientable 3-manifold, or 
(ii) Q has a 2-fold branched covering 0, branched over a finite subset of Q, which embeds in 
an orientable 3-manifold. 
§2.CLOSED FAICE SURFACES 
We consider a special type of 2-dimensional polyhedron, the closed fake surface, introduced 
by Ikeda[4] as a generalization of the standard spines of Casler [I]. These polyhedra are useful 
primarily because it is easy to determine their embeddability in a 3-manifold. 
A closed fake surface (c.f.s.) is a compact, connected polyhedron P in which every point 
has a neighborhood of one of the three types shown in Fig. 1. Preferring Casler’s notation of 
Ikeda’s, we shall denote by PC” the set of those points having neighborhoods of the first type, and 
by PC” those having neighborhoods of the first or second type. A c.f.s. is not necessarily a cell 
complex; some components of PC” need not intersect Pm (in fact, P(O) may be empty), and the 
components of P - P(I) are 2-manifolds but not necessarily 2-cells. 
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Fig. 1. 
PROPOSITION 1. Every compact connected 2-dimensional polyhedron Y is simple homotopy 
equivalent (via a 3-dimensional deformation) to a closed fake surface P such that P(I) is 
connected and P - PC” is the disjoint union of open 2-cells (or, if PC” = 4, a closed 
2-manifold). Furthermore, if Y embeds in a 3-manifold M, then P embeds in M. 
Proof. The procedure for deforming Y 3-dimensionally to a c.f.s. P is described in [ 1 I]. If 
Y C M3, all of the formal deformations described in [ll] and in the remainder of this proof can 
be realized in M3, so that P C M’ as well. 
If PC’) = 4 then clearly P is a closed 2-manifold. Assume then that P(l) # 4. Suppose that 
P(l) is not connected, and suppose that X is a component of P - PC” whose boundary meets 
two components of P . (‘) Let y be an arc in ClX which connects those components. As in Fig. 2, 
thicken y to a cylinder C and collapse C through one end. The resulting polyhedron P’ is a 
c.f.s., and P’(l) has fewer components than PC’). In this way we obtain a new c.f.s. with 
connected l-skeleton; assume then that P has this property. 
Fig. 2. Collapse C through left end. Bold lines denote PC” before and after. Two new O-cells appear at right. 
If X is a component of P - P (I), then X admits a cutting along arcs {r,, . . ., yn} which span 
BdX, so that new manifold X’ is a 2-cell. If the deformation of the preceding paragraph be 
applied along each of the arcs yi to obtain a new c.f.s. P’, then X becomes X’, the remaining 
components of P -P(l) are either unaltered in P’ or are deformed without changing their 
topological type, and the new components of P’ - P’(l) are 2-cells (they appear at the end of 
cylinders Ci). In this way we obtain the desired c.f.s., establishing Proposition 1. 
A triod (2’) consists of three line segments with one endpoint in common. Following 
Ikeda[4], a T-bundle over a circle is obtained from T x I by identifying T x 0 and T x 1 by 
some homeomorphism of T to itself. By numbering the three arcs of T we may index these 
homeomorphisms (up to isotopy) by the elements of the symmetric group S3. Three bundle 
types occur, induced by the identity permutation, the 3-cycle (231), and the 2-cycle (23). We 
shall call the first two types untwisted because they embed in R3, and the third type twisted 
because it does not. 
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Let P be a c.f.s. and let N = N(P”‘, P) be a regular neighborhood of PC” in P. As described 
in [4], if J is any simple closed curve (s.c.c.) in P (I’, then there is embedded in N a T-bundle 
E(J) whose “O-section” is identified with J and whose type is uniquely determined by J. To see 
this, begin at some point of J not in P(O), where the local trivialization is obvious, and proceed 
along J. Upon arriving at a point x E P (‘) if J passes through the neighborhood N(x) of x from , 
left to right as viewed in Fig. 1, the unique continuation of E(J) is apparent; that is, omit 
the lower fin. If J should take a different path through N(x), stare harder at Fig. 1 or abandon it 
entirely after observing that N(x) is homeomorphic to the cone from x over the l-skeleton of a 
3-simplex A (the homeomorphism taking the four points of P(‘) f~ BdN(x) to the Vertices of A), 
and therefore any permutation of the four points of PC” fl BdN(x) extends to a self- 
homeomorphism of N(x). This homogeneity implies that the T-bundle E(J) can be uniquely 
continued through any point of P(O), and therefore the type of E(J) is uniquely determined by J. 
If f: S’ -+ PC’) is an immersion (local embedding), the same argument applies, and there is a 
T-bundle E(j) whose type is uniquely determined by f. 
A simple closed curve J C PC” will be called (un)twisted if E(J) is (un)twisted. The next 
lemma is straightforward. 
LEMMA 1. The space N = N(P”‘, P) embeds in R3 if and only if PC” contains no twisted 
simple closed curves. 
PROPOSITION 2. If a closed fake surface P has no twisted curues, then P embeds in a 
3-manifold M. If P -PC’) is an orientable 2-manifold, then M can be chosen to be orientable. 
Proof. If PC” = 8, then P is a closed 2-manifold; set M = P x I. If PC” # 0, then by Lemma 
1, N = N(P”‘, P) embeds in R’. Thicken N to a cell-with-handles H such that BdN C BdH 
and Int N C Int H. Then attach Cl(P\N) X I to BdH along the tubular neighborhood of BdN in 
BdH. The resulting 3-manifold M will be orientable if each component of P - N is an 
orientable 2-manifold and if the attaching map is orientation-preserving. This establishes 
Proposition 2. 
If P has some twisted curves, it is not generally possible to embed P in any 3-manifold. We. 
can still thicken N to a cell with some nonorientable handles, but to thicken P - N requires 
extra and unpredictable conditions on the components of P - N and their attaching maps. 
84. EXAMPLES 
To each group presentation p = {x’, . . ., x, ; rl, . . ., rk} is associated a 2-dimensional cell 
complex K(p) with one O-cell u, a l-cell for each generator xi, and for each relator ri a 2-cell 
whose attaching map is given by the relator. Then r’(K(p)) is the group presented by p. 
Example 1. The trivial group has a presentation p = {a, b; Q, ab-‘a-‘bq. The associated 
K(p) is a contractible c.f.s. with K(O) = {v}, K”’ = a v 6. The curve a is untwisted, 6 twisted. K 
does not embed in a 3-manifold although K has the simple homotopy type of a point; in fact, 
K x 110[4]. 
Example 2. The group G presented by p = {a, b; ab-‘a-‘b2) is not. the fundamental group of 
any 3-manifold[S]. K(p) is a c.f.s. with K”’ = 0, K(” = b, and K - KC’) = open annulus. The 
curve b is twisted. 
55. PROOF OF THEOREM 1 
Let Q be the closed fake surface obtained from Y by Proposition 1: If Q”’ = 0 then Q is a 
closed manifold. If Q is orientable then Q embeds in the orientable 3-manifold Q x I; if Q is 
non-orientable, Q has an orientable 2-fold (unbranched) covering Q which embeds in the 
orientable manifold Q x I. 
Assume then that Q(” # 0. Define T C Q”’ to be a tree containing Q(O); if Q’“’ = 0 let T = {x} 
for some x E Q”‘. Since Q(I) is connected, Q”’ - T k a union of disjoint open l-cells yI, . . ., yk. 
We shall say that yi is (un)twisted if the unique S.C.C. in T U yi is (un)twisted. 
Now Q - Q(‘) is the union of a disjoint collection {Ei}:, of open 2-cells. For each i, select a 
closed 2-cell Di c Ei and let Ji = BdDi. The desired polyhedron Q will be a 2-fold covering of Q m 
branched over the centers of some of the Di. As in knot theory, define X = Q - (U Int 0;). Then X I 
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is homotopy equivalent to Q(l), and n,(X) is the free group F(y,, . . . , yk). Define a homomor- 
phism 4: r,(X)+ 21 by 
Corresponding to ker 4 is a unique 2-fold covering space p : ri’ + X. An edge loop in Q(I) lifts to 
a loop in X if and only if the total number of crossings (in either direction) of twisted l-cells is 
even. 
For each i, 1 I i 5 m, p-‘(J) is either two disjoint simple closed curves & and .&, each 
covering Ji homeomorphically, or a single S.C.C. x covering Ji twice. Accordingly obtain 0 by 
attaching to X along p-‘(Ji) either two 2-cells fii, and &, or one 2-cell 6. Extend p to a map 
p: Q+ Q by mapping fii, U fiti or fii to Oi by a conewise extension of the map on p-‘(Ji). Then 
p : 6 -+ Q is a 2-fold branched covering space of Q, branched over the centers of those disks Oi 
whose boundary curves Ji do not lift. Clearly 0 is a c.f.s., and the components of 0 - @‘) are 
2-cells. 
We claim that @“contains no twisted simple closed curves. Let J be a S.C.C. in @I’. Then p1.f is 
an immersion, and E(pJ& has the same bundle type as E(J). Let N’ be formed from 
N = N(Q”‘, Q) by cutting along a fiber over the center of each twisted l-cell yi and rejoining 
the ends with an odd permutation of the three arcs of the triod. Then N’ contains no twisted 
simple closed curves and by Lemma 1 embeds in R3. Let E’(pI& be the T-bundle associated 
with p]J in N’. Then E’f$I& is untwisted because it is immersed in R’. Since p1.f lifts to the 
loop j, the total number of crossings by pl_f of the twisted l-cells in Q”’ must be even. Thus 
E’(pIJ) is obtained from E(p 11) by an even permutation in S3. Since E’(pIJ) is untwisted, so is 
E(pIJ) and hence E(J), establishing the claim. 
By Proposition 2,d embeds in an orientable 3-manifold. This completes the proof of Theorem 
1. 
86. REMARKS 
If two 2-complexes have the same simple homotopy type, it is always possible to find a 
formal Cdeformation (a deformation of dimension 4) from one to the other. It is not known 
whether “four” can be replaced by “three”, although Wall has shown[lO] that for complexes of 
dimension >2, one extra dimension does suffice‘ for the formal deformation. For 2-complexes 
then, the relation of simple homotopy equivalence is apparently refined by the relation of 
3-equivalence; that is, K AK’ if K formally 3-deforms to K’. 
The classification of 3-deformation types appears to be much more difficult than the 
classification of simple homotopy types. For example, each contractible 2-polyhedron is simple 
homotopy equivalent to a point; to say, however, that they are all 3-equivalent to a point is 
equivalent (for a proof see [12]) to the generalized Andrews-Curtis conjecture, which alleges 
that each presentation {xi,. . ., x,lr,, . . ., rn} of the trivial group can be transformed to the empty 
presentation {I} by the operations: 
(i) Replace ri by ri_‘. 
(ii) Replace ri by rirj, i# i. 
(iii) Replace ri by g-‘rig, g E F(x,, . . .,x,). 
(iv) Add a generator x and a relator x. 
(v) Delete a generator x and relator x if the generator x appears in no other relator. 
There is a version of the Andrews-Curtis conjecture for arbitrary groups which states that 
any presentation of a group G can be transformed to any other presentation with the same 
deficiency by operations (i), (ii), (iii), (iv)’ and (v)‘, where 
(iv)’ introduces a generator x and a relator x W, where W is any word in the other 
generators, and (v)’ is the inverse of (iv)‘. 
This conjecture has recently been proven false by Metzler [6] and also by Dunwoody[2]. Each 
has an example of two presentations of the same group with the same number of generators and 
the same number of relators, such that the associated 2-complexes have different homotopy 
type; the presentations then cannot be reconciled by the specified operations, since each of 
these operations preserves homotopy type. 
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The question remains: Among 2-complexes, do homotopy type, simple homotopy type, and 
3-deformation type coincide? 
In Theorem 1 we cannot say that each 2-complex Y with a 3-manifold group for ?rl Y falls 
into case (i); that is, that Y is 3-equivalent to a spine of an orientable 3-manifold. If this were 
true for the contractible 2-complexes, for example, then the Andrews-Curtis conjecture and its 
corollary, the S-dimensional regular neighborhood conjecture, would become trivial con- 
sequences of the PoincarC conjecture in dimension three. I 
To obtain this strengthening of Theorem 1 in the contractible case, it is necessary and 
sufficient to show that the closed fake surface obtained from Y in Proposition 1 can be further 
deformed to a c.f.s. with no twisted simple closed curves. Such a procedure, if it exists, would 
necessarily make use of the niceness of 7r1( Y) in some way; it is clear from example 2 that any 
c.f.s. having that particular fundamental group must also have a twisted curve. 
Failing this, it would still be desirable to show that the twisted l-cells in any c.f.s. could be 
combined into a single twisted l-cell (cf. the classification of 2-manifolds); this would show that 
the branch set in Theorem 1 can be chosen to have at most three points. 
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